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Abstract 

We provide the classical mechanics of many particles moving in canonically twist- 
deformed space-time. In particular, we consider two examples of such noncommu- 
tative systems - the set of particles moving in gravitational field as well as the 
system of N interacting harmonic oscillators. 
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1 Introduction 



The idea to use noncommutative coordinates is quite old - it goes back to Heisenberg 
and was firstly formalized by Snyder in [1] . Recently, however, there were found new for- 
mal arguments based mainly on Quantum Gravity |2], |3] and String Theory models 
[5], indicating that space-time at Planck scale should be noncommutative, i.e. it should 
have a quantum nature. On the other side, the main reason for such considerations fol- 
lows from many phenomenological considerations, which state that relativistic space-time 
symmetries should be modified (deformed) at Planck scale, while the classical Poincare 
invariance still remains valid at larger distances [6]- [9]. 

It is well-known that a proper modification of the Poincare and Galilei Hopf algebras 
can be realized in the framework of Quantum Groups [TU], [TT]. Hence, in accordance 
with the Hopf-algebraic classification of all deformations of relativistic and nonrelativistic 
symmetries (see [12], [13]), one can distinguish two simplest quantum spaces. First of 
them corresponds to the well-known canonical type of noncommutativity 

[ XflJ ] id 1 (1) 

with antisymmetric constant tensor 9^'^ . Its relativistic and nonrelativistic Hopf-algebraic 
realizations have been discovered with the use of twist procedure (see [Hj) of classical 
Poincare [15], [16] and Galilei [Ej, pLSj Hopf structures respectively. 
The second class of deformations introduces the Lie-algebraic type of space-time noncom- 
mutativity 

[ 3;^, Xi, ] = iO^^^Xp , (2) 

with particularly chosen constant coefficients The examples of corresponding Poincare 
quantum algebras have been introduced in [T5], [20], while the suitable Galilei algebras - 
in [n], m] and [IB]. 

Recently, there appeared a lot of papers dealing with classical ([22]- [28]) and quantum 
([29]- [33]) mechanics. Doubly Special Relativity frameworks ([21], [35]), statistical physics 
([36]. [37] ) and field theoretical models (see e.g. [38]), defined on quantum space-times ([Tj), 
Particulary, there was investigated the impact of the mentioned above deformations 
on dynamics of basic classical and quantum systems. Consequently, in papers [21], [25] . 
the authors considered classical particle moving in central gravitational field defined on 
canonically deformed space-time ([1]). They demonstrated, that in such a case there is 
generated Coriolis force acting additionally on the moving particle. Besides, in articles 
|32j . [21] and [33] there was analyzed classical and quantum oscillator model formulated 
on canonically and Lie-algebraically deformed space-time respectively. Particulary, there 
has been found its deformed energy spectrum as well as the corresponding equation of 
motion. Interesting results have been also obtained in two papers [29j, [30j concerning the 
hydrogen atom model defined on spaces ([1]) and Besides, it should be noted that there 
appeared article [27], which provides the link between Pioneer anomaly phenomena [H] 
and classical mechanics defined on K-Galilei quantum space. Preciously, there has been 

^For earlier studies see [39] and [40] , 
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demonstrated that additional force term acting on moving satellite can be identified with 
the force generated by space-time noncommutativity. The value of deformation parameter 
K has been fixed by comparison of obtained theoretical results with observational data. 

Unfortunately, in all mentioned above articles there were analyzed only the one-particle 
relativistic and nonrelativistic dynamics in the field of forces. Here, we extend a such kind 
of investigations to the classical mechanics of many particles, which move in the modified 
canonically deformed space-tim^jf] 

[t,<]=0 , [xlxi]=te'^ ; ^,J = 1,2,3, (3) 

with indices a,b = 1,2, . . . , N labeling the particle. Further, we indicate that as in the 
case of one-particle system there appeared additional force terms generated by space- 
time noncommutativity. Of course, for = 1 our results become the same as the results 
obtained in [21], [32]. 

The motivations for present studies are manyfold. First of all we extend in natural 
way the results for one-particle model to the many-particle system. Secondly, such inves- 
tigations permit to analyze the deformations of wide class of physical models, for example, 
one can applied the presented results to the studies on two deformed systems considered 
in Sect. 4. Finally, it gives a starting point for the construction of nonrelativistic quantum 
mechanics for many particles defined on modified space-time ([3]). 

The paper is organized as follows. In Sect. 2 we recall basic facts concerning the 
twisted canonically deformed Galilei Hopf algebra UelQ) associated with space-time non- 
commutativity ([1]) for 6oi = and 6ij ^ 0. In Sect. 3 we provide the classical many-particle 
model defined on modified canonical space-time ([3]). Section four includes two prominenlQ 
examples of such deformed systems - the model of particles moving in central gravita- 
tional field as well as the system of N coupling harmonic oscillators. The final remarks 
are presented in the last section. 



2 Twisted Galilei Hopf algebra and corresponding 
canonically deformed space-time 

In accordance with Drinfeld twist procedure [14], [10], [11], the algebraic sector of arbitrary 
twisted Hopf algebra U.{A) remains undeformed, while the coproducts and antipodes 
transform as follows 

Ao(a) — ^ A(a) = J^o Ao(a) o jr-i , S{a) = uSQ{a)u~^ , (4) 

'^Xq — Ct. 

■^It should be noted that a such modification of relation ([T|) (blind in a, b indieces) is in accordance 
with the formal arguments proposed in |42j . Preciously, the relations (3) are constructed with adopt 
so-called braided tensor algebra procedure, dictated by structure of quantum i?-matrix for canonical 
deformation [10], [11]. Such a choice is compatibile with Leibnitz rules for quantum algebra given by 
deformed coproduct (|9|- (fTT|l . 

^Their classical (undeformed) versions are often discussed in the literature, see e.g. [?3]. 
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with Ao(a) = a®l + l(g)a, 6*0(0) = —a and u = Y^ /(i)'S'o(/(2)) (we use Sweedler's notation 
J-". = ^/(i) ® /(2))- Besides, present in the above formula twist factor G U{A) ^U{A) 
satisfies the classical cocycle condition 

■ (Ao ® 1) J- = J-23 ■ (1 ® Ao) , (5) 

and the normalization condition 

(e® 1) J^= (l®e) J^= 1 , (6) 

with J^i2 = ^ ® 1 and J-23 = 1 ® J^. 

Consequently, in the case of the canonically deformed Galilei Hopf algebra Ug{Q) 
provided in [T7], we have 

J'e = exp (^—O^'H, a n,^ , (7) 
and, in accordance with (jl]), we get the following algebraical 

[ Kij, Kki ] = i {Sii Kjk — Sji Kik + 6jkKii — SikKji) , 

[ Kij ,Vk] = i (Sjk Vi - Sik Vj) , [ Kij ,Uk] = i {SjkUi - SikUj) , (8) 

[K,,,no] = [v^,Vj] = [Vi,u,] = o , [Vi,Uo] = -mi , [n^,n,]=o, 

and the coalgebraic 

Ae(n,) = Ao(n,) , AeiVi) = AoiVi) , (9) 

Ae{K,,) = Ao{K,^)-9''[{6k,U^-6k,U,)^Ui (10) 

+Uk ® {SuUj - 5i^Ui)] , (11) 

sectors. 

It is well-known (see e.g. pTGJ) that the deformed space-time corresponding to the 
Hopf algebra Ue{Q) is defined as the quantum representation space (Hopf module), with 
action of the deformed symmetry generators satisfying suitably deformed Leibnitz rules. 
The action of Galilei group Ue{Q) on a Hopf module of functions depending on space-time 
coordinates (t, Xj) is given by 

Ho > /(t, x) = idtfit, x) , H, > fit, x) = idJit, x) , (12) 

Kij > f{t,x) = i (xidj - Xjdi) f{t,x) , Vi > f{t,x) = itdi f{t,x) , (13) 
while the :*r-multiplication of arbitrary two functions is defined as follows 

f{t,x)i<gg{t,x):=uo(^J^g'^\>f[t,x)^g{t,x)) ; uo{a®b) = a-b. (14) 



^The symbols Kij, Vi and denote rotations, boosts and space-time translation generators respec- 
tively. 
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Consequently, in the representation f|T2|) . f lT3|) the twist factor ([7]), and the corresponding 
nonrelativistic space-time take respectively the forms 

J-, = exp (^^9'^d,Ad,^ , (15) 

and 

[t,Xi]^g=0 , [xi,Xj]^g = i9'\ (16) 

with [a,6]*g := a-kgb — h-kga. Obviously, for deformation parameter 9ij approaching zero 
the above quantum space becomes the classical one. 



3 Classical mechanics of many particles moving in 
canonically deformed space-time 

In this section we provide the classical model of nonrelativistic particles moving in 
canonically deformed space-time ([3]), which for = 1 reproduces commutation relations 
(|T6|l . As it was mentioned in Introduction, similar constructions have been performed in 
the case of one-particle system in the series of papers p4], j25] and |32] . 

In a first step of our investigation we start with the following phase spac^ 

{<,^a = ^^^ (17) 

{p\M = ^ , {xl,y,} = 5%,. (18) 

which satisfies the Jacobi identity and for A^ = 1 becomes the same as phase space 
provided in [2^ . 

Next, following |13], for arbitrary two functions -F(C^) and G'(C'^) we define Poisson 
bracket as follows 

{F.G}= f {C^C''}|^||. (19) 

with = «,pi). 

In terms of the above structure and given Hamiltonian H = H{(^) one can write the 
equations of motion as 

C^ = {C^H} ; C^:=^. (20) 

Moreover, in general case, i.e. for any function F depending on C^, we have 

F = {F,H}. (21) 

Let us now introduce the standard Hamiltonian function describing the set of A^ par- 
ticles 



TV 



H{p,,...,p^,n,...,r^) = J2^ + Vin,...,fN) , (22) 



a=l 



2m. 



^We use the correspondence relation { a,b } = j[ a,b] {h= 1). 
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with Pa = [pl^Pa^Pa] fa = x^, x^]. Then, in accordance with fl20!) . we get the 
following 2N equations of motion 



rria dxi dxi 

b=l j=l b a 

which lead to Newton equations 



maXa = -TT- + V V 9'^ — . (24) 



b,c=lj,k=l c 

It should be noted that in the case of one-particle system (iV = 1) the above equation 

becomes the same as the one derived in [23] . 

Further, we consider the multiparticle potential function given by 

N N 

v{f,, . . . , r-v) = 5^ vrm) + 2 E E - h\) , (25) 

a=l a=l a^b 

where in the above formula symbol V^°"* denotes the "outer" potential acting on a-th parti- 
cle, and V^'^'^ = V^a^ corresponds to the so-called "inner" potential describing interactions 
between particles a and h. Besides, we have 



Ta = \ra\ 



."^Xi-Xi , Tab =\fa-fb\ . (26) 
\ i=l 



One can check, that in the case of hamiltonian function (12 2 p the equations of motion 
look as follows 

2 ^ "1 i^T /out 

= ^" I \^ \^ eii ^ ^ ^ ^27) 

raa T^,^, n dn ' 

b=l 3 = 1 

ra dra f-'Tab SVab ^ " ' 

b^a 

while the Newton equations ([23]) take the form 

dV^""^ ixi - xi) dV^ 



inn 



= y y-^a--^b)^yab ^ 

° " Ta dra Tab OVab 

b^a 

N 3 



b=l j,k=l 

with 



-maJ2Yl '''' (^'^(^' ^)^'^ + ^'^(^)*0 ' ^^^^ 



Qij = ^e^^'^^fc 



1 dV""^ 

n^ix) = — , (30) 

■\ - ^» 1 dyr' \ ^ ^ 

Finally, it should be noted that the following position and momentum dependent function 

3 1 ^ ^ 

a=l i,j=l i,j,k=l a=l 

plays the role of constant of motion, i.e. it satisfies the equation 

Lg = {Le,H} = , (32) 
and it transforms the phase space variables as follow^ 

3 3 

{xlLo} = J2^''^i , {K,L,} = -5^0Va. (33) 
Besides, one should observe that the standard total momentum 

N 



a=l 

as well as the standard total angular momentum 

AT AT 



L = ^La ; La = ^ra^ Pa , (35) 

a=l o=l 

are not conserved in time due to the presence of "outer" potential V^°"*, i.e. 

P = {P^H} = -Y,--j^. (36) 

a=l 

and 

L = {L,H}= -^i-P-"" [(^^^b) , (37) 
respectively, with 6 = [^1,6^2,^3]. 

Obviously, for deformation parameter 6'^^ {6^) approaching zero the above model becomes 
undeformed, i.e. we recover the ordinary Newton mechanics for set of particles [13]. 



''One can notice, that for 9^^ — Yl\=i ^'"''"^fc the function Lg generates rotations in 0i-directions. 
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4 Two examples of canonically deformed many-particle 
models 



In this section we discuss two selected examples (see e.g. [13]) of many-particle systems 
defined on noncommutative space-time ([3]), namely the system of particles moving in 
gravitational field, and the set of interacting harmonic oscillators. 



4.1 The system of N particles moving in gravitational field 

Let us consider the system of particles moving in the presence of mass M located in 
the origin of the coordinate system. Then, the "outer" potential takes the form 

Vrdf.l) = . (38) 

while the "inner" potentials look as follows 

Vri\ra-n\) = -^^ (39) 
\ra - rb\ 

One can check that for potential functions (I35|) and we get the following canonical 
equation of motion 

a = A + ff (40) 

b=l 3=1 ^ 

Pa = - 2. — ^ « - 4) , (41) 

a f^^a ah 

leading to the set of Newton equations 



^ rari ^ Tab ri^b ' 



N 3 

- E E '''' + ^^(^)^0 , (42) 

6=1 j,fc=l 

with 

Mm I. 

nlix) = g'^9, , (43) 



and 



n 



Mm I, 

nl {x,x) = -SGOk^^XbXb . (44) 
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Obviously, for mass M equal zero, i.e. for vanishing external potential V^°"*, the equation 
of motion fH21) takes the standard form 

m.x: = -y^-^^^^^. (45) 

Besides, one can observe that for = 1 the above system reproduces the well-known 
model for single particle moving in gravitational field [43j . 

In order to analyze the above system in terms of commutative variables {t,Xcom)i by 
analogy to the star multiplication f|T^ . one should replace the product of two arbitrary 
functions defined on quantum space ([3]), by the following ^rg-producll^ (see |23j ) 



fit, x) ■ git, x) — > fit, Xcom) h git, Xcom) := uj o iOe > fit, x) (g) git, x)) , (46) 

with 

f N 3 

" ^ " ^ A /y 1 (A7\ 

a com com I ' \ ' J 



/ N 3 
\ a,b=l i,j=l 



Then, we get 



"^a^acom = "C'^a ( Mx^h ( ) h ( h ( ] + 



+ E"^b«com - 4com) h ( ) ^ ( ) ^ ( ) I + (48) 

. ' ab com / \ ' ab com / \ ' ab co: 



where 



b^a 

N 3 

~ ""^a ^ (^^fc(3^comi 2;com)^e3;;^com "I" ^fc(^com)^6»i';,com ^ ' 

^^fc(2:com) = GMm;,^, (^) ^0 f ^) *e f ^) , (49) 

com com com / 

^t(^com,a;com) = -?>GekMmb (-—\ h [——] ^6 [——] h 

com com com / 

com com ) 

(50) 

com com / 



and 



\ ^ ^ •^acom^^'^gcom A ^ ^ ■^a com ' '''acom • (^■^) 



®One can derive the commutation relations ^ using definition (jTB]) with inserted *e-product instead 
★g-multiplication (see also footnote 6). 
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a com f "^a com acom "^acom V" / 

Further, one can check that hnear in deformation parameter 9^ corrections, which appear 
in the equation fHHjl . look as follows 



^ Ai« _ r'^ I ^ "^a com 3 ^ com , \^ "^fc(^acom ^bcomJ \ , /p-oN 

acom acom afecom 

Af 3 



~ ^ ] ^ ^ ^ \ ^fc^'^'com; icom) 2^bcom "I" ^A:(-^com) 2;;^com ) ' 



6=1 j,k=l 



with 



and 



i^fe(a:com) = , (54) 



^3 

6 com 



^fc ('''com ) -^com) 3^fc ■^fecom ' -^bcom > (^^) 



com 



Unfortunately, due to the complicated form of the above Newton equation, its solution 
can be studied by using only numerical methods. Such an investigation will be omitted 
in present article. 

4.2 The system of coupled harmonic oscillators 

Let us now turn to the second example of multiparticle system - the model of coupled 
harmonic oscillators. In such a case the "outer" and "inner" potentials take the form 

VrW^al) = ^\ra\' , (56) 

and 

vr{\ra-n\) = ^\f^-n\\ (57) 

with Ua and Xab denoting the frequency and coupling constant respectively. 
The corresponding Newton equation looks as follows 



m„x 



\ N 3 

b^a / b^a b=l j,k=l 



where 

= maOolOi = const. {Cl^ = 0) . (59) 

Of course, in the case of single oscillator model (A^ = 1, Xab = 0) one recovers the equation 
of motion proposed in 
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As an illustration let us consider the case of = m, Ua = oj and \ab = A for 
a,b = 1,2,. . .N. Then, it follows from f lSSjl that the corresponding equation of motion 
takes the form 



+ - E < + - E - E E ""'"^^^i ' (60) 

b=/=a/ b^a b=l j,k=l 



and, due to linearity of the above formula with respect x-variables, its form remains the 
same on commutative space-time as (pi . 

The above equations can be solve in few steps. Firstly, we introduce the following 
"relative" position variables 

'^acom ■^a+lcom -^acom ; 1; 2, ... , A'^ 1 , (61) 

and then, we have 

com + ^Icom ' (62) 



n-1 



n com 

a=l 



for 2 < n < A. 

Next, we rewrite the Newton equation (!60|) in terms of variables (!6T!) as follows 

^Icom = -Uj'^Xicom + UjMT Xicom + h , (63) 
■^acom I W -|- I i^acom j (64 J 



where 



M = Nm , =uJ2 ^ke^^^ > (65) 



k=l 



^ N b-1 / 3 \ 

= E E ^'^-om + m'u T'^i^Lom 

b=2 a=l V j=l J 



The solution of equation flMl) can be found easily, and it takes the form 



6=2 a=l \ j=l 
11 



(66) 



i^acom(^) = xl_(0)cos(fit) + ^^^^sin(l]t) ; r]=^c.2 + ^, (67) 
/i*(t) = hism{nt) + hicos{nt) , (68) 

with 



^ TV b-l / 3 \ 

= E E ^'^acom(O) - m'con' J] r^xi_(0) , (69) 

6=2 a=l \ j=l J 

N b~l / 3 \ 

-EE -^'^acom(O) + m'u J2 T'^^LoJO) , (70) 



and with symbols £acom(0)' ''^acom(O) denoting the initial "relative" positions and velocities 
respectively. 

Further, using the formula ( 1681) we get the following explicite solution of the equation (jHS]) 



X 



a;v4 + M^u^e^ 



- Keom(0)-^^3a:Lom(0))cOs(fi2t)) + 
+ (^lcom(O) - ^^2xLom(0)) ^H^^t) + {vl,,^,{Q) + ^2X^0^(0)) COs(^]3^)) 

- (/i^fis + /i^l^) sin(n2t) + {h\Vl2 + /^^^^) sin(fif)) 

+ {hln^ + h\n)sm{n^t) + {h\n^~hln)?>iYi{yit)) , (71) 
+ Kcom(o)-^^3a;Lo^(o))sin(n2t)) + 

+ (^2_^2)V4 + MW. (-('^^^ + /^^^^)(cos(^^2t) - cos(l.t)) 
+ {h\^2 - hln) sin(fi2t) + ihln2 - hl^) sin(^]^)) 

- (/ijfis + /i^^^) sin(fi3t) + (/is^3 + /ic^) sin(fit)) , 
2^LomW = -^Lom(0)sin(a;t) + xLom(0)cos(a;t) 

- ^ (/i|?u;(cos(wt) - cos(fit)) + hl{Q sin(wt) - u sm{Qt))) , 

with the assumption 6 = [0, 0, 6'], symbols x\^^^{0) and vl^^^{0) denoting the initial data 
for first particle, and Q2, ^3 given by 

Q2 = ^(ujM9 + VaTuHP¥^ , Q3 = ^(^V4TMP¥-ujMe^ . (72) 

The remaining trajectories X2com{t), . . . , XNcom{t) can be easily obtained by use of the 
formulas fl62l). 
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5 Final remarks 



In this article we construct the classical model of nonrelativistic particles moving in 
noncommutative space-time Q. The corresponding equation of motion for arbitrary 
spherically symmetric potential fl25|) are provided. In particular, there are analyzed two 
distinguished examples of such systems - the set of coupled oscillators as well as the 
system of particles moving in the presence of gravitational field provided by massive 
point-like source. 

It should be noted that the presented considerations can be extended at least in two 
directions. First of all, one can consider the multiparticle system associated with the 
Lie-algebraically deformed space-time ([2]). Secondly, one can quantize the analyzed above 
(classical) model by introducing the Schrodinger equation defined on deformed space-time 
([3]). The studies in these directions already started and are in progress. 
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